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Abstract 

We propose that the smallness of the light quark masses is related to the 
smallness of the T (i.e. CP) violation in hadronic weak interactions. Accordingly, 
for each of the two quark sectors (" upper" and " lower" ) we construct a 3 x 3 mass 
matrix in a bases of unobserved quark states, such that the "upper" and "lower" 
basis states correspond exactly via the transitions in the weak interaction. In 
the zeroth approximation of our formulation, we assume T conservation by making 
all matrix elements real. In addition, we impose a "hidden symmetry" (invariance 
under simultaneous translations of all three basis quark states in each sector), 
which ensures a zero mass eigenstate in each sector. 

Next, we simultaneously break the hidden symmetry and T invariance by intro- 
ducing a phase factor e*^ in the interaction for each sector. The Jarlskog invariant 
JcKM, as well as the light quark masses are evaluated in terms of the parameters 
of the model. Comparing formulas, we find that most unknown factors drop out, 
resulting in a simple relation with Jckm = (mdms/miy^'^AX'^ cos to lead- 
ing order in x and rris/mi,, with A, A the Wolfenstein parameters. (Because of 
the large top quark mass, the contribution from upper quark sector can be ne- 
glected.) Setting Jckm = 3.08 x 10"^, rub = A.7GeV (Is mass), = 95MeV, 
A = 0.818 and A = 0.227, we find macos'^lx - 2AMeV, consistent with the 
accepted value rrid = 3 — IMeV . 

We make a parallel proposal for the lepton sectors. With the hidden symmetry 
and in the approximation of T invariance, both the masses of e and are zero. 
The neutrino mapping matrix is shown to be of the same Harrison-Scott form 
which is in agreement with experiments. We also examine the correction due to 
T violation, and evaluate the corresponding Jarlskog invariant J,^. 
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1. Introduction 



In a recent paper[l], we postulate a new symmetry of the neutrino mass matrix 
in terms of the field operators Ue, and Vt- This symmetry enables us 
to derive the Harrison-Scott form[2,3] of the neutrino mapping matrix Vy. 
However, the formalism has a built-in asymmetry between the charged leptons 
and the neutral ones. In this paper, we modify the symmetry introduced in 
[1], as that e, r and z^i, V2, ^3 are now set on a similar basis. Furthermore, 
the new symmetry can also be extended to quarks d, s, b and u, c, t. For 
clarity, we first discuss how the new symmetry, called hidden symmetry, can 
be realized in the quark sectors leading to the CKM matrix Uckm- Next, we 
discuss its application to leptons, resulting again in the Harrison-Scott form of 
the neutrino mapping matrix Vy. 

In the quark sector, let qi{[) and qi{]) be the quark states "diagonal" in 
transitions: 

and (1.1) 

with i = 1, 2, 3. Their electric charges in units of e are — | for qi{[), and 
+1 for qi{]). However, these are not the observed mass eigenstates d, s, b 
and u, c, t. Likewise, let and be the lepton states "diagonal" in the 
corresponding transitions: 

kii) ^ kil) + w- 

and (1.2) 

m) ^ kii) + w+ 

with their electric charge unit —1 for and for /j(t) and i = 1, 2, 3. 
Again, neither nor /j(t) are the mass eigenstates e, r and z^i, 1^2, v^. 
Thus, for each of these four triplets 

{gi(i), 92(1), g3(i)}, {gi(T), g2(T), gad)} 

{/i(i), /2(i), hii)} and Old), /2(T), ^3(T)} (1.3) 
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there exists a separate 3x3 mass matrix, denoted by 

M{qi), M(q^), M(k) and 



(1.4) 



respectively. As we shall discuss, these mass matrices satisfy a common set 
of rules due to hidden symmetry, leading to a unifying formalism of both the 
CKM matrix Uckm and the neutrino mapping matrix Vy. 

In what follows, we begin our discussion in the approximation assuming time 
reversal invariance T. Thus, the mass matrix M{q\^), M{q^), M{1^) and M(/|) 
are all 3 x 3 real symmetric matrices. The corresponding mass operators are 



gi(T), g2(T), gsd) 



and 



7W(/t)= /i(T), /2(T), /3(T) M(/t) 



( Qiii) \ 
q2ii) 

qsii) 
( ^i(T) 

Q2(T) 
Q3(T) 

( hii) ^ 

^3(i) . 

( ^l(T) \ 
/2(T) 

^3(T) ; 



(1.5) 



(1.6) 



(1.7) 



(1.8) 



In (1.5), Qid) and qi{l) are related to the corresponding Dirac field operators 
V^(%(i)) and its Hermitian conjugate i/j^qiH)) by 



«(i) = *(?;(!)) and gi(i) = Vt(«(i))74. 



(1.9) 



Likewise, in(1.6)-(1.8) g'i(T), ^i(T). ^?;(i)- etc. are similarly related to their 
corresponding Dirac field operators. We assume that each of these four mass 
operators (1.5)-(1.8) satisfies a hidden symmetry with M.{qi) invariant under 
the transformation 



qiU)^qiii)^z, q2U)^q2ii)^mz and qsii) ^ qsii) ^ (1.10) 



where 2; is a space-time independent constant element of the Grassmann alge- 
bra anticommuting with the Dirac field operators, and r/^ are c-numbers. It 
will be shown in the next section that (1.10) implies a zero down-quark mass 
in the absence of T violation. Similar symmetries are also assumed for other 
triplets {qi{'\)}, {hii)} and Thus, we correlate the nearly zero masses 

of d, u. e and vi with T invariance and the new symmetry. 

In Section 3. we derive the form of CKM matrix in the same zeroth ap- 
proximation of T invariance. The violation of T invariance will be discussed in 
Section 4. As will be shown, to the first approximation of small T violation, 
we derive an interesting formula relating T violating Jarlskog invariant J with 
quark masses: 

cos[iXTa)] + C'(^^^j (1.11) 

where[4] A = 0.818, A = 0.2272 are the Wolfenstein parameters. Using the 
experimental values[4] J ^ 3.08 • 10'^ rUs = 93MeV and rUb = 4:.7GeV (Is 
mass), we find 

^c^cos2[ix,(i)] = 2.4Mey, (1.12) 

where XtH) 's the T-violating phase in the | quark sector. Since cos ^Xrii)^^' 
we have 

rud > 2AMeV (1.13) 

consistent with the range = 3 to 7MeV quoted by the particle data 
group[4]. 

In section 5 and 6, we discuss lepton sectors. As in Ref.[l], we show how 
the new hidden symmetry can also lead to the Harrison-Scott form of the 
neutrino-mapping matrix in agreement with experiments. The Jarlskog 
invariant in the lepton sector is also calculated to the lowest order of the T 
violating interaction. 
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2. Hidden Symmetry 



Consider first the {^^(i)} sector. In the approxinnation of T invariance, the 
3x3 matrix in (1.5) beconnes a real synnnnetric matrix Mo(g|) characterized 
by six real parameters: three diagonal and three off-diagonal elements. We 
propose to represent the corresponding mass operator M.{q\) by 

•Wo(4i) = «il43(i) - iM\)? + PiMi) - nm(i)i' + 7iki(i) - Ci93(i)l' 

(2.1) 

with also six real parameters a^, 7^, 77^ and (,[. Their relation with the 
six diagonal and off-diagonal elements of an arbitrary symmetric matrix M{q) 
is given in the Appendix. We impose the hidden symmetry requirement that 
M.{){qi) be invariant under the transformation (1.10). Substituting (1.10) into 
(2.1) and requiring the symmetry, we see that these three parameters rn 
and C,i must satisfy 

iiViCi = 1- (2.2) 
The corresponding mass matrix M(g|) defined by (1.5) is 

(l + Prf -I3r] -7C ^ 

-Pt] (3 + 
^ -7C -< a + 7CV 1 



Mo(gi) = 



(2.3) 



where the suffix [ on the right hand side indicates that the parameters a, 7, 
^, r/, C refer to a^, /?|, 7^, r/| and Ci respectively From (2.3), we see 
that the determinant of Mo(g|) is given by 



\M,{qi)\= «/?7(^^C-l 



(2.4) 



Thus, for 

(eOi ^ ^imCi = 1. (2.5) 

we have 

|Mo(g|)|=0. (2.6) 

Choose q;|, j3i and 7^ to be all positive. The operator M.{]{qj) is then positive; 
condition (2.5) implies the smallest eigenvalue of M(g|), the down quark mass, 
to be zero; i.e., 

= (2.7) 
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on account of the hidden synnnnetry requirement (1.10) and the approximation 
of T invariance. 

This result can also be seen directly from the symmetry requirement (1.10). 
In the three-dimensional space of coordinate axes g'i(i), ^2(i) and qsH), the 
transformation (1.10) represents a translation along the direction parallel to 
the three dimensional unit vector 



(2.8) 



The assumed invariance under (110) is identical to the invariance of A^o(<?i) 
under a translation along the vector e^; thus, is an eigenvector of the corre- 
sponding mass matrix Mo(g|), with zero eigenvalue (i.e., zero mass). 
Likewise, under the transformation i— »t. 



and 



(^i, rib Ci) ^ (^T, Ct) 



(2.9) 



we have 



(2.10) 



Mo(gi) ^ Mo(gt) and A^o(9i) ^ -^0(^1 
As in (1.10), the hidden symmetry 

qi{])^qi{]) + z, ^2(1) ^g2(T)+^T^ and q^[]) qi{]) + i^^z (2.11 

implies the corresponding invariance of the mass operator A^o(qt)' ^P" 
proximation of T invariance. Thus, (2.11) implies 



Ct^tCt = 1 



(2.12) 



and the up quark u to be of zero mass; i.e., with hidden symmetry and T 
invariance, 

m„ = 0. (2.13) 
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3. CKM Matrix (neglecting T violation) 



In this section, we discuss the CKM matrix in the sanne zeroth approxinnation 
by neglecting T violation. Let (?7|)o and {U^)o be the unitary nnatrices that 
diagonalize Mq^qi) and Mo(g|): 



( mo{d) ^ 

mo(s) 
^ mo(6) J 



(3.1) 



and 



( mo(w) ^ 

mo(c) 

^ mo(t) J 

The corresponding CKM nnatrix is given by 

(Uckm\ = mWiW 



(3.2) 



(3.3) 



In accordance with (2.7) and (2.13), we have in the notation of (3.1) and (3.2) 



^o(c^) = Tn{){u) = 0. 



(3.4) 



Without T violation, {U\)q, {U{)q and {Uckm)q are each a 3 x 3 real orthogonal 
nnatrix characterized by three real paranneters. 

In (2.3), the nnass nnatrix Mo(g|) has six paranneters aj, 7^, r]i and 
Cj.. With the constraint ^jTyjCi = 1 in accordance with (2.5), there are still five 
independent paranneters in Mo(g|). Together with Mo(g|), we have 5 + 5 = 10 
paranneters. Assuming that the only observables are the quark masses and the 
CKM matrix. Since mo(c?) = mo(n) = in this approximation, there are only 
four nonzero masses mo(s), mo(6), mo(c) and mo{t). In addition, the CKM 
matrix with T invariance is characterized by three real parameters; together, 
there are 

4 + 3 = 7 

observables in this approximation. That means among the 10 parameters, 
there are 

10-7 = 3 (3.5) 
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parameters which are " unphysical" . The elimination of these three unphysical 
parameters is analogous to the gauge condition in a vector field theory. As we 
shall see, a convenient choice is to eliminate two of these three by requiring 



— = Q and — = Cf 



(3.6) 



Define four real angular variables 9i, (pi and 0| by 

^1 = tan 01, tan 01 

r/l = tan^j cos0j and 77^ = tan 6*1 cos 0|. (3.7) 

It can be readily verified that with (3.6) the eigenstates of Mo(g|) become 
quite simple, given by 



H = 



Pi = 



' cos di ^ 

sin^l cos 01 
^ sin ^1 sin 01 ) 

/-sin^l ^ 

cos Qi cos j 
^ cos ^1 sin 01 



with eigenvalue A(e|), 



with eigenvalue A(pj), 



(3.8) 



(3.9) 



and 



/O 



with eigenvalue A(P|). 



(3.10) 



-sin 01 
V cos 01 

Here A(e|), ^i^d \{P\) are the same 0th order approximation mo^d), mo(s) 
and mo(6) in (3.1), with 



mo{d) = A(e|) = 0, 



and 



mo(6) = A(Pi) = a|(l + en+A- 
In terms of ^| and rji, the statevector satisfies (2.8). 



(3.11) 
(3.12) 

(3.13) 
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Likewise, the eigenstates of Mo(g|) are 



sin 9^ cos 01 
sin 6^ sin (f)^ 

/-sin^l \ 

cos 01 COS 01 

COS sin 01 y 



with eigenvalue A(e|), 



with eigenvalue A(]3|). 



(3.14) 



(3.15) 



and 



/O 

— sin 01 

y COS 01 



with eigenvalue A(P|) 



where 



mo(w) = A(e|) = 0, 
mo(c) = A(pt)=A[l + ^T(l + ^T)] 



and 



(3.16) 

(3.17) 
(3.18) 

mo{t) = A(Pt) = Ml + e?) + A- (3.19) 

Correspondingly, the 3x3 unitary matrices (t/|)o and (f/t)o of (3.1) and (3.2) 
are given by 

iUi)o = (ei, Pi. Pi) (3.20) 

and 

(t/t)o = (et, PT, A)- (3-21) 

Thus, in accordance with (3.3), the corresponding CKM nnatrix in the same 
approximation is given by 

/ cos 9 1 cos 6*1 — sin 9^ cos 9^ sin 6*1 sin ^ 

+ sin 9 1 sin 6*1 cos + cos 9^ sin 6*1 cos 



{Uckm)q = 



— cos 6*1 sin 6*1 
+ sin 9[ cos 6*1 cos 

— sin 9 1 sin 



sin 9 1 sin cos ^| sin 

+ cos 9[ cos 6*1 cos 



cos 9 1 sin 



cos 



(3.22) 
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in which 

= 0t-0i- (3.23) 

Equations (3.6) and (3.23) eliminate the three unphysical variables, as we shall 
see. Upon comparison with experimental values, we find from (3.22) 

e^-ei = Cabibbo angle (3.24) 

with 

sin(^l -ei) = \ = 0.227. (3.25) 

By taking the ratio of (1,3) and (2,3) matrix elements of {Uckm)q, we estimate 
0^ = 0(A); likewise, from the corresponding (3,1) and (3,2) matrix elements, 
Ol = 0{\). Using the (2,3) matrix element, we derive 

sin^^AA^ (3.26) 

with A = 0.818. 

We observe that the dependence of {Uckm)o on 0i and 0| is only through 
= 01 — Thus, {Uckm)o is independent of 0| + which together 
with the two conditions given by (3.6) eliminate the 3 unphysical parameters 
mentioned in (3.5). 
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4. T-Violation 



In the approximation of T invariance, by using (2.1) and constraints 



^imCi = l and ^ = Ci 

7i 



(4.1) 



in accordance with (2.5) and (3.6), we find that the nnass operator (2.1) can 
also be written as 

Aiota)=aii93a)-«i</2(i)P+Ai«2a)-')i9i(i)i'+fti93a)-?jTO(i)i' 

(4.2) 

With T violation, we replace Alo(^i) by 

A4(</i) = «il</3(i)-«ie*-</2(i)P+ftte(i)->?m(i)P+/Jil93(i)-?Wi9i(i)P 

(4.3) 

in which 

Xr = Xrii) (4.4) 

is the T-violating phase factor for the [ quark sector. The corresponding mass 
matrix defined by (1.5) is given by 



(4.5) 



with Mo(gj) given by (2.3). Because of (2.5) and the first equation in (3.6), 
Mo(gj) can also be written as 



Mo(gi) = 



^ -f^^f] a + (3 I ^ 



(4.6) 



The T violating term in (4.5) is 

/ 

Mi{qi) = ai^i 



^ \ 

i-e-^XrU) . (4.7) 

\^ l-e^XrU) J 

Because of T violation, the mass of d quark is not zero and the CKM matrix 
is unitary but not real. 
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4.1 d quark mass 

In accordance with (3.11)-(3.13), the eigenvalues of Mo(g|) are A(e|) = 0, 
X{pi) and X{Pi), whereas those of M{qi) are the observed quark nnasses m = 
rud, rus and rrib determined by 

\M{q^)-m\=0. (4.8) 

By using (3.11)-(3.13) and (4.5)-(4.7), we find (4.8) to be the cubic equation, 

m(m - A(p|))(m - A(Pi)) = |M(g|)| (4.9) 

with 

\M{q^)\ = 2aiPieir]l{l - cosx.(i)). (4.10) 

Since in accordance with (3.12)-(3.13), X(Pi) = 'mo{s) and A(P|) = mo(6) 
are the zeroth order values of rris and rrib, both are ^ m^. From (3.7) and 
(3.12)-(3.13), 

mo(s) = A(p|) = Pisec^Oi 
and (4.11) 

mo(6) = A(P|) = a|sec2 0^ + 

By setting m = rrid, rUs and m?, respectively in (4.9), we have 

rud = [(mo(s) - md)(mo(6) - m^)]"' |M(9|)|, (4.12) 
nis - mo(s) = - [ms{mo{b) - m^)]"^ |^(Qi)| (4.13) 

and 

rrib - mo{b) = [mb{mb - mo(s))]"^ \M{qi)\. (4.14) 

Thus, neglecting corrections 0{md/ms) and O^md/rrib), we find from (4.12)- 
(4.14) 

md=[m,mbr'\M{qi)l (4.15) 

- mo(s) = -K(m,, - m,)]-i|M(gJ| (4.16) 

and 

TUb - mo{b) ^ [mbirrib - m,)]-i|M(g|)|. (4.17) 
Likewise, (4.11) leads to 

f^^^mscos'e^, (4.18) 
13 



Q^l = (mj, — nis cos^ Oi) cos^ 0| (4-19) 

and 

TRd = (1 cos^ ^i) sin^ cos^ sin^ cos^ - cosXtU))- 

nib 

(4.20) 

In (4.20), we may further neglect ms/mb as compared to 1; this yields 

171(1 — 2ms sin^ cos^ sin^ 01 cos^ 0l(l — cosXy(J,)). (4-21) 
When XtH) = 0- have nid = 0. 

4.2 Eigenstates of M{qi) = Mo{qi) + Mi(g|) 

Let d, s, b be the normalized eigenstates of M(qi), with 

M{q^)\d)=md\d) 

M{q^)\s)=ms\s) (4.22) 
M(g^)|6)=m,|6). 

Throughout the paper, the 3x1 normalized state vectors \d), |s), |6) may be 
denoted simply by d^ s, b as well. Likewise, the states e^, pi and P| of (3.8)- 
(3.10) may also be denoted by |e|), \pi) and |P|). Introduce the perturbation 
matrix 

9l = {Ui)lM,{qO{UOo (4.23) 
by using e^, pi and P| as base vectors, with (t/|)o given by (3.20). To the 
lowest order in sinXrd). 

/ sinOi ^ 

cos 01 

y — sin 6 1 cos 6 1 j 

The corresponding eigenstates d, s, b to the first order in sin^rd) si's given 
by ^ 

M) = \h) - X(pJ^^'l^^^ 
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9 = 9i =i'Oii^ismxM 



+ 0(xJ). (4.24) 



and ^ ^ 

rrib nib — A[pi) 

where 

9ep = gle = ^Q^i^i sin6'| sinxT(i) 
and (4.26) 

%p = 9*pp = ^^l^l cos 01 sin x^d) 
are the first order nonzero matrix elements of in accordance with (4.24). 

4.3 CKM Matrix and Jarlskog Invariant 

Anticipating that the Jarlskog Invariant J in this model is dominated by the 
i quark sector because of 

mf ml 

in accordance with (1.11), our discussions can be much simplified by setting 
the T-violating phase 

Xt(T) = (4.27) 

as an approximation. In this case, 

\u) = let), |c) = bt) and \t) = \P^) (4.28) 

and 

= (t/t)o = (et, PT, ^t)- (4.29) 
The corresponding CKM matrix is given by 

UcKM = U^^Ui, (4.30) 
with its matrix elements in this approximation given by 

t P\ 

4^1 + ^(a^sin^sinxT)ii^, 

p\ei + i{a^ sin sin Xt)i^: 

+ p^Pi 
Pjei + i{a^ sin sin Xt)!^ 



Uud = 




Ucd = 




Utd = 


tU 


Uus ~ 




Ucs = 


c^s 


Uts = 





nib 

e\pi + ^(aC cos e sin Xt)i^^^ . 
Pt^i +^(«^cos^sinxT)i^^^ 
P\vi + ^ (a^ cos e sin Xt) i 



(4.31) 



rrih-ms 
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etc., in which eje^, p\ei, etc. are given by the approxinnate matrix elements in 
{Uckm)^ of (3.22). 
Define 

S2 = Ul^Ucs (4.32) 

and 

We have 

<Si + <S2 + <S3 = (4.33) 

and the Jarlskog Invariant 

J = ImSlS2 = ImS;S3 = ImS^Si. (4.34) 

Assume 9^ and 9i are all small and 0(A), with A given by (3.25). To the lowest 
order in powers of A = 0.227 and of ms/mi,, we find 

TTl 

J = — - sin(^| — Oi) sin $1 cos $1 sin 0j cos 0| sin sin Xt (4.35) 

nib 

where 

= 0t-0i- (4.36) 

Combining the square root of (4.21) with (4.35), we derive, to the accuracy 
of the calculated order, 

J = (^f'sHO^ - e^) sin(^cos[ix.(i)]. (4.37) 

By using (3.25)-(3.26), we derive (1.11) for J, which is consistent with all 
available data. As the time reversal violating phase XtH) ~^ 0. both J and 
{mdms/miy/^ approach zero; their ratio remains fixed by the T-conserving 
elements of the CKM matrix: 

sin(^l - Oi) • sin (/) = AX^ ■ A. (4.38) 

It is satisfying that this limiting value is consistent with available experimental 
data, as shown by (1.11)-(1.13). 
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5. Lepton Sectors (neglecting T violations) 



The application of hidden symmetry to the lepton sectors will be examined in 
this and the following sections. 

5.1 General Discussion 

The lepton mass operators are given by (1.7)-(1.8). In the zeroth approxi- 
mation of T invariance, these operators can be written as 

A^oft) =aii^3a)-«:i^2a)i'+6ii/2a)-Ma)i'+q|/ia)-ai/3a)i' (5.1) 

and 

7Wo(/T)=«TK3(T)-/^T^2(T)|'+6Tl^2(T)-M(T)P+ct|/i(T)-aT^3(T)l' (5.2) 

where the twelve parameters a|, a^, kj^, 6|, ••• are all real, with at 
least six of them a|, a^, 6|, 6|, C|, q positive. As in (2.2) and (3.6), we 
impose 

/^iPi^^i = /^tPT^T = 1' (5-3) 



2 . 2 
— = (77 and — = ai. 

Hence, as in (4.2) these mass operators become 



(5.4) 



M,(h) = hU[) - nMi)? + hUi) - PlUi)? + hUi) - HPMi)? 

(5.5) 

and 

Mo(/t) = a^m) - + hh[]) - QM^)? + ^tI^3(T) - ^wM])?. 

(5.6) 

Correspondingly, the mass matrices M{1^) and M{1^) defined by (1.7)-(1.8) 
are, similar to (4.6), 



[^o(/)] 



i or r 



( hp^{l + k'^) -hp -bKp 
—bp b + aK^ —an 
—bnp —an a + 6 



(5.7) 



/ i or T 
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Since their determinants satisfy 

|Mo(y| = |Mo(/t)| = 0, (5.8) 
each matrix has an eigenvector of zero eigenvalue: 

Moih)6i = (5.9) 

and 

Mo(/t)(5t = 0. (5.10) 

As in (3.1)-(3.2), let (V|.)o and (V|)o be the real unitary matrices that diago- 
nalize Mo(/|) and Mo{^): 

( mo(e) \ 



W)jMo(y(n)o = 



V 



rriQ^ii) 

mo(T) ; 



(5.11) 



and 



(yt)SMo(/t)(Vt)o = 



/ mo(z^i) \ 

mo(z^2) 
^ mo(z^3) 

The corresponding zeroth order neutrino mapping matrix is 



(5.12) 



(K)o = (^i)J(^T)o- 



(5.13) 



Note that the roles of t and [ in (5.13) are switched in comparison between 
those in (3.3) because of our accustomed definitions of K and Uckm- 
We will further simplify the lepton mass operators by assuming 



1 

y 



(5.14) 



1 . V2 
and (7| = 



X 



with y two small real parameters; i.e., 

\x\ « 1 and \y\ « 1. 



(5.15) 
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Thus, (5.1) and (5.2) become 

-^o(^i) = a^Ui) + ^2(i)|' + hUi) - yha)\' + bMi) + yha)\' (5.16) 
and 

Moih) = «tI'3{T) - xhmf + 6tI'2{T) + VI 'i(T)l' + ''tl'3{T) + VT xhW?- 

(5.17) 

Correspondingly (5.7) can be written as 



Moih) = 



2&i?/^ -biV biy 



(5.18) 



and 



/i6t(l + x2) ^/lb^x\ 
Mom)= \llh^ 6| + a|x2 -a^x . (5.19) 

— flj-a: a| + y 

Since the matrices (5.18) and (5.19) are special cases of the matrix (2.3) 
with the constraints (2.5) and (3.6), their eigenvectors and eigenvalues can be 
readily obtained. Arrange the three eigenvalues Ae, Am and A^ of Mq{1\) in 
the same order as those in (3.11)-(3.13) and (5.11); we have 



mo(e) = Ae = 0, 



(5.20) 
(5.21) 



and 



mo(r) = \t = 2ai + 6|. (5.22) 

Likewise, the eigenvalues of Mo(/|), in the same ascending order as (3.17)- 
(3.19) and (5.12), are 

mo(z/i) = A„ = 0, (5.23) 

mo(z^2) = A/ = i6|(3 + ^') (5.24) 

and 

mo(z/3) = Ai = a|(l + x'^) + 6|. (5.25) 
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Similarly, by using (3.8)-(3.10) and (3.14)-(3.16) the corresponding eigenvec- 
tors of Mo(/j) and Mq{1^) can be readily written down. 



5.2 A limiting Case 
In the linnit 

X ^ and y ^ 
the mass matrices (5.18) and (5.19) become 

/ 

H + ^i 



(5.26) 



[Moil)] 



i 



\ 



and 











(5.27) 



\ 

a| + 6| y 

In accordance with (5.11)-(5.12), the matrices (Vl)o and (V|)o becomes 

(I \ 



(5.28) 



(n)( 



^ _ 
^ 



(5.29) 



and 



1 



(5.30) 



with the corresponding neutrino-mapping matrix (K)o given by the Harrison- 
Scott form 



(K)o ^ (n)5(VT)o 



(5.31) 



vl 

Thus, the matrices (5.18) and (5.19) agree with all existing experimental data 
provided x and y are small. 
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6. Lepton Sectors (with T violation) 



With T violations, we generalize (5.16)-(5.17) and write in accordance with 
(1.7H1-8): 

( Hi) \ 
Hi) 
Hi) 



Mih) = (Hi), Hi), Hi) Wih) 



A4(/t)= /i(T), /2(T), Hi))Mm) 



= ailHi) + e''^'Hi)\' + h\Hi) - yHi)\' + hlHi) + yHi)\^ (e.i) 

and 

( Hi) ] 
Hi) 
Hi) ) 

= at|/3(T)-xW)P + 6Tl^2(T) + x/?e^^^/i(T)|'+6TK3(T) + ^^^i(T)|'. (6.2) 
The matrices and M(l^) can also be written as 

M(y = Mo(y + Mi(y (6.3) 

and 

M(/|) = Mo(/t) + Mi(/|) (6.4) 
with Mo{li) and Mo(/|) given by (5.18) and(5.19), 

/ \ 



Mi{h)=a^ 



e-'^P^ - 1 
e^'^i - 1 



(6.5) 



and 



( e-^'^T - 1 \ 
e^h -1 




(6.6) 



in which 0| and 0| are the T-violating phases. 
The determinants of M(/j) and M{^) are 



\Mil^)\=2a^by{l-co8(l>^) 



(6.7) 
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and 



|M(/|)| = a^^x'{l - cos(/)|). (6.8) 

The three eigenvalues of M(/|) are the physical masses of charged leptons e, /i 
and r: 

m = TTT-e, m^, m^, (6-9) 
determined by the cubic equation 

m{m - Xm){m - Xt) = |M(/^)| (6.10) 

with A^, Xt given by (5.21) and (5.22). Likewise, the eigenvalues of M(/|) 
are the three neutrino masses 



m = mi, m2, ms, 



(6.11) 



determined by 

m(m - Xi){m - Xl) = \M{1^)\ (6.12) 

with Xl, Xl given by (5.24)-(5.25). As in (4.9), Eqs. (6.10) and (6.12), 
together with (5.20)-(5.25) give a simple way to derive the physical masses of 
leptons with the inclusion of T violation effects. 

On the other hand, for evaluation of eigenvectors it is more convenient to 
transform 



/i(i) = ^;(i), hii) = e-^'^^/%{i) and h{i) = e^'^^/XH). (6.13) 



Thus, 



M{h) = m), I'M, Ui))(Mh)+m 



( I'M \ 
\ iM ) 



(6.14) 



with 



^o(^i) = 







\ 



ai + hi ai 
ai ai + bi J 



(6.15) 



and 



/ 



^i(^i) = hy 



zi 
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(6.16) 



with 



Likewise, introduce and /2(T) through 

^i(T) = e-^T^;(|), /2(T) = e^'^^/2(T) and /ad) = /^(T). 
Correspondingly, 

( ] 

m) 
m) I 



(6.17) 



(6.18) 



(6.19) 



with 



Ha(h) = 



X 



\ 








ai + 6| / 



(6.20) 



and 



Hi{l^)=x 



with 



/ h^z^ \ 

-a^z^ 



(6.21) 



(6.22) 



The smallness of x and y makes it possible to use i^i(i) and i^i(T) as pertur- 
bations. 

Let Vi and be the unitary matrices that diagonalize M (/|) and M(/|) of 
(6.1) and (6. 2). The corresponding neutrino mapping matrix is 



Define 



and 



Ti = (K);i(K)3i, 

T2 = (K);2(K)32 
^3 = (V;);3(K)33. 



(6.23) 



(6.24) 
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Their sum satisfies 

Ti+T2 + T3 = 0. 
The corresponding Jarlskog invariant for leptons is 

X = ImT^T2 = ImT;Ts = ImT^Ti. 

To first order in a: and we find 



(6.25) 



(6.26) 



y 



3^2 L 



cos ^ sin(^ + 0|) + ^^^^^ sin 01 cos(^ + 0|) 



X 

+- 



sin 01 + sin(0| + 0|) 



(6.27) 



3 (a-|- + 6-|-)(2a| — 6-|-) 

As in(4.37), there is an interesting relation between X and lepton nnasses, 
which will be discussed in a separate paper. 
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Appendix 

In (2.3), the 3x3 symmetric matrix is written in the form 



M = 



( 1 + I3rf -Pr] -7C \ 

-(3ri (3 + -ai 
\ -7C -a^ a + lC J 



(Al) 



with six parameters a, /3, 7, r] and (. On the other hand, any such symmetric M can 
also be expressed by 



M 



with 



c -e -f\ 




—e b —d 


(^.2) 


— / —d a j 




= a + 7C', 


(A.3) 




{AA) 


= 7 + pri^, 


(A.5) 


d = a^, 


(^.6) 


e — (5r] 


(A.7) 


/ = 7C- 


(A.8) 



and 



In this Appendix, we give the answer to the inverse problem: Given a, 6, 
corresponding a, (3, ■ ■ ■ , (7 
Introduce 

A = bc- 
B^ae^ + bf - cd^ - abc 

and 

C= {ac- f)d^. 

One can readily verify that a satisfies 

Aa^ + Ba + C^ 0. 



/ what are the 

(A.9) 
(AlO) 

(All) 
(A12) 



Knowing a, (A. 6) gives ^. From a^"^ , (3 can be determined. Thus, 77 is known from (A. 7). 
Likewise, 7 can be deduced from (A. 5) and ^ from (A. 3). 

For a, 13, 7, ^, r], ( real, so are a, 6, c, li, e, /. However, the converse is not always 
true, as can be readily studied by examining the solutions of the quadratic equation (A. 12). 
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